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Abstract. We introduce a mean field model for spin glasses that is
obtained by “iterating” the definition of the perceptron model of [SG] and we
prove the validity of the replica-symmetric solution under a condition of the
type “high temperature”. The replica-symmetric equations involve 6 different
parameters. This model illustrates on the one hand that we now have efficient
tools to deal with such systems, and on the other hand that it is probably
unreasonable to hope for abstract theorems independent of the specific type
of the system.

1. INTRODUCTION

One of the main motivations for the mathematical study of mean field
models for spin glasses is that apparently some new laws of nature (or, at
least, of probability) are at work there. A general fact seems to be that
“at high temperatures the replica-symmetric solution is correct”. This is
proved in [2] for the main models considered by the physicists, and it would
be very nice to have a general statement to that effect. One of the models
considered in [2] is (a suitable abstract version) of the Perceptron model,
which is defined as follows.

For o = (0;)i<n € {—1, 1}V, consider

1
(1.1) Si = Sk(O') = — Z 9i k04,
VN i<N
where gk, i,k > 1, are independent standard normal r.v. (The normaliza-
tion is chosen so that Sy is typically of order 1.) Then the Hamiltonian is
given by
(1.2) —H = u(S),
k<M
when v : R — R is a function. It helps to think of v as being of order
1 and of M as being a proportion of N. In [2] a lot of technical work is

devoted to the study of this Hamiltonian under weak regularity conditions
on u. However, when one assumes stronger conditions, such as

(1.3) ve,0< <10, w9 <D,

where D is a parameter, the Hamiltonian (1.2) is already of interest, and
its study is technically much easier. (It will be sketched in this case in
Section 2.) One of the striking features of the Hamiltonian (1.2) is that
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(under a suitable condition of the nature of a high-temperature condition),
not only is the replica symmetric solution correct, by the quantities Sy (and
u(Sk)) themselves display certain properties of spins (they “decorrelate”).
This raises the possibility that it might be of interest to iterate the process
by which one goes from the spins (0;) to H. To do this, we consider the
quantities

(1.4) > hiemu(Sk)

1
Ty = —
VM S,

where hy ,, k,m > 1 are independent standard normal r.v., that are inde-
pendent of the g; . Considering a function v : R — R we will then consider
the Hamiltonian

(1.5) —H =Y v(Ty)

m<Q

and it is the purpose of this paper to investigate it. In principle “level 2
perceptrons”are important [1], but the present paper represents only a first
step in the direction of their rigorous study. Really relevant results remain
far away. As the reader will soon realize, the Hamiltonian (1.5) is quite more
complicated to study than the Hamiltonian (1.2). Thereby it is legitimate
in a first stage to study it under the strongest regularity conditions where
it is of interest. We will assume that for a certain number D, we have

(1.6) ve,0<0<10, [w9<D, |09 <D.

The following theorem involves numbers 7 > r > 0,0 < ¢ <1, 7,p > 0 and
7. We consider independent standard normal r.v. z,7n,& and &,¢ > 1. We
consider the r.v.

(1.7) 0=2q+&/1—q Or=2q+E&\/1—q v=2T+EVT — 1.

We denote by E¢ expectation in §, &, only.
Throughout the paper we denote by K a number depending on D only,
that need not be the same at each occurrence.

Theorem 1.1 There exists a number K (depending on D only) such that if

Q M

1.8 K=<1, K—X<I1
(1) L1 K<



there is a unique solution to the following system of equations:
_ o [ Beu®) exo(u®)nyT + (7 = 7)u(6)*/2)

wo = (R )

u?(9) exp(u(@)ny/T + (T — 7)u(6)*/2)

(110) 7= 5 Ee¢ exp(u(0)ny/T + (T — 7)u(6)?/2)
Q Eev'(7) expo(v)\?
T =g # ( E¢expo(v) >
112) 7= 2 g O+ v'(7)?) expu(v)
' M E¢expo(7)
/ 2

Cdr(r + T)W(L,3) — 272W (3, 3) + 672 W (3, 4)),
where, for 0, 0 <4
u'(01)u' (02)u(0r)u(0p)E

(1.14) W, ¢)=F Bee
for
£ —oxp Y (ul a6
<4
and
(1.15) q = Eth*(z\/p) .

These formulas, and in particular (1.13), should make self-apparent that
the model is really non-trivial. In fact, we see no apparent limits to the
complexity of what could be done using further iterations of the method we
used to construct our Hamiltonian.

We denote by () an average for the Gibbs measure G with Hamiltonian
(1.5). We will very often consider replicas, that is powers of the configuration
space {—1,1}" provided with the corresponding power of G. When we
consider configurations o', @2, ... and write (f(e!,0?,...)) we always
assume that each configuration o is averaged independently for G. To
shorten notation we write

(1.16) Si = Sk(0); Ty, = (o),
and also
(1.17) v(f) = E(f),

where F denotes expectation in the r.v. g; . and hy .

Theorem 1.2 There exists a number K (depending on D only) such that if

Q M
1.18 K =<1 K-—=<1
( ) M — N —
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the equations (1.9)-(1.15) have a unique solution and that

(1.19) V((%Za%a?—q)j <K

i<N

(1.20) u((%%\; u(SHu(S2) — r>2> < %
o )<
(1.22) u((% > V(T (T2 - T>2> < %

(1.23) y<<$ S (0 (T)? +0"(T3)) - ?>2> < %

m<Q

Of course, these statements explain the meaning of the various parame-
ters. Our last result concerns the computation of the “pressure”.
Theorem 1.3. Under the conditions of Theorem 8 we have

1 K
‘NE logza:exp(—H(a)) - F‘ < i

where
(1.24)

F =log2 + %ElogEgeva(z\/F—l—fx/F— T)

M = _
+ - Blog Beexp((u(2v/ + €y/T—anv/z + —ul (=G +€y/T— q)

L .
G+ Behayp—? 2q)” + . T

Since the proof of Theorem 1.1 is very simple, we give it right away.

Proof of Theorem 1.1. Let p' = £&£p. Then equations (1.9) to (1.15) are
of the type

(1.25) r=FR(1,7,9); T=F(1.7,9); p' = F3(7,7,9)

M
120) 7= LR = 2R0: 0= (50)
for certain functions Fi, ..., Fg.

Substitutions of the relations (1.26) into the equations (1.25) yields equa-
tions of the type

(1.27) r=Gyi(r,7,p); T =Ga(r,7, p); p\ = Gs(r,7,p),

for certain functions G, G, Gs. It is straightforward (but tedious) to see
that all the first-order partial derivatives of G, G, G3 are bounded by
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K(Q/M + M/N), where K depends on D only. Therefore when K(Q/M +
M/N) <1, these equations have a unique solution, and this is also the case
of the equations (1.25) and (1.26). O

2. THE CASE OF THE PERCEPTRON.

Not surprisingly, the methods required to handle the Hamiltonian (1.5)
are a kind of “iteration” of the methods appropriate to study the Hamil-
tonian (1.2). It therefore seems useful to start the paper by a study of the
Hamiltonian (1.2) under condition (1.3), a task that is technically very much
easier than the material of [2] (although based on the same principles).

We start by explaining the basic principle on which the entire paper relies.
We consider a non-random probability measure G on {—1, 1}N , and we de-
note by () an average for G or for its products G®" on {—1,1}"" where n
is a given integer. We consider functions (ax)g>1 on {—1,1}", and indepen-
dent standard normal r.v. (gr)r>1. We consider two functions w : R — R
and W : R” — R. We assume that

The partial derivatives of w and W of order < 2 are

2.1
(2.1) bounded by D, where D is a parameter.

We consider the random quantity V = V(o) = >, grar(o), and for
(ol,...,0") € {—1,1}V" we write V! = V(a*). We consider independent
standard normal r.v. z, ¢ and (£¢) ¢>1 and, for parameters 0 < s <5 we write

=25+ €4/5—sand (= zys+&/5—s. (It is a general rule through
the paper that “variables labeled £ should be replaced by independent copies
in different replicas”.)

We denote by E¢ expectation in £ only, and we consider a function f =

flet,...,a™).
Lemma 2.1 We have
(2.2)
WL .,V Wt ..., ¢m

— n 2\1/2
‘E (expw(V))" b (Egexpw(g))”<f>‘ < K(n, D)(f%)

. [<(;ai<a> - )>/ ; <(;ak<al>ak<02> - )>/]

where K(n, D) depends only on n and D.

Proof. We consider the interpolation parameter 0 < ¢ < 1 and we define

VE=\e Vi VT —c ¢ Vo= eV +T—c( We define

oo p WV V)
(2.3) p(c)=E (Ee(expw (V)"
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and we use the bound
(2.4) lp(1) = ¢(0)] < sup|¢'(c)|.

We note that the left-hand side of (2.2) is |p(1) — ¢(0)], so all we have to
show is that the right-hand side of (2.2) is a bound for ¢/(¢). To do this we
compute ¢’(c) using integration by parts and the formula

EViVY = Z ar(o)ar(e?)
k
The computation and the estimates are straightforward. O

When now G is random, but that the randomness of the g is independent
of the randomness of GG, we can assume without loss of generality that this is
also the case of the randomness of z and £. Using (2.2) given the randomness
of G and using the Cauchy-Schwarz inequality we then get that

(2.5)
ww',....vnf) L W)
lE epw) " (Eeexpw(Q))

(s((-")) " (o{(Soaomeer—)) ]

We consider an interpolation parameter 0 < ¢ < 1 and throughout the
paper we write

t
(2.6) Skt = Skt(o Z 9i,k0; + \/ v INKON-

z<N 1

<f>| < K(n, D)(E(f)"

We consider the interpolating Hamiltonian
(27) —Ht = Z U(S]“t) +OoNV 1—1¢ Yv,
k<M

where Y = z,/r, and the parameter r will be chosen later. For a function
f on {—1,1}"" we denote by (f); its average for the Gibbs measure with
Hamiltonian (2.7), and we write v4(f) = E(f);. For a replica o’ we write
S,?t = Sri(a?). We write ¢, = o&. The following is obtained through a
straightforward computation, that is detailed in [2], Proposition 3.2.3.

Lemma 2.2 We have

(2.8) %yt(f) T4 T4 1T

M
I:N<2Ag—n An+1>,

I<n

where



for A = v ((w"(Sy) +u*(Siy ) )

M
I = N < Z A&g/ —2n Z A1 + n(n + 1)An+17n+2> )
(A (<n

for Ager = vi(W/ (S5, Ju' (S5 ever f);

HI = —r ( Z Beoy —2n Z Bypt1 +n(n + 1)Bn+1,n+2) ;
£ <n

for By = vi(eser f).

A very important difference between the terms I and II is that A, depends
on the function f (which does not depend on £) while Ay depends on the
function esep f.

A first observation is that, under (1.3) (and provided |r| < K(D)) for
n = 2 we have

— v ()l < Kvi([f])

so that, by integration,

(2.9) f=0=u(f) < Kv(f),
where for simplicity v(f) = vi(f) = E(f). Let us write

i<N i<N—1
Our goal is now to prove that

M 9 K

. K< _ <=
(2.10) v K<1= v(Bip-a)) < %
for a suitable value of ¢. By symmetry between the coordinates, we have
(2.11) v((Ri2—q)*) = v(f),
where
(2.12) f=(ae2—q)(Ri2—q).

Now

. €1€2 — ¢ _

213) (=2 aa ) +n(aa - O, - o)

It is straightforward that if we assume
(2.14) q = Eth*(Y) = Eth?(2\/q)
then the last term of (2.13) is zero, so that

2
2.1 < —.
(2.15) () <
Thus
9 2 d
(2.16) v((Ri2 —q)7) = v(f) < 5 +sup|—w(f)].
N ¢ |dt
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To bound the last term we will apply Lemma 2.1 to each term provided by
Lemma 2.2 (with n = 2 and f given by (2.12). Consider the Hamiltonian

(2.17) ~Ho= Y u(Sk)+onVI—tY,
k<M-—1

and denote by (-). an average for the Gibbs measure with this Hamiltonian.
Thus, for £ < 3,

Ay = E((u”(Sﬁ“) + Ul2(5ﬁ4,t))f>t
I <(UN(Sﬁ4¢) + U/2(Sﬁ4¢)) exp (26/33 U(Sﬁ},t))f%
(expu(Sat))3 '

We use Lemma 2.1 with a;(o) = o;/vVN for i < N —1 and ay(o) =
onyt/N, 5 =1, s = q, and for G the Gibbs measure with Hamiltonian
(2.17). Thus from (2.5) we get, using the value of f in the last line,

(2.18) |Ay— CeE(f)~|

<o (e (o{ (o254 )

<K (B (5 + Bl 09))
< K(% + E((R12— Q)2>~>a
where
- E(U"W) +u2(6%)) exp(p g u(6”))

(E¢expu(0))? ’
for 9 = 2\/q + &1 —¢q, 0 = 2y/q + &y/1 —q. The value of Cy does not

depend on £. In fact, using independence we have
Ee(u”(6) + u(6%)) exp(Y_ u(6))
<3
= Be((u"(0) + u*(0)) exp u(0)) (Eg exp u(0))?,
and thus
(u”(6) + u"*(8)) expu(b)
E¢expu(f) '

Co=C:=F

It should be obvious that
E{(R12—q)*)~ < Kvi((R12 — q)*).
Moreover, from (2.9) we have v4((R12—q)?) < Kv((R12—q)?). Thus (2.18)
yields that for £ < 3 we have

A= Bl < K 3+ vl =)



and hence

(2.19) 1< K (5 + (=0 ).
Proceeding as in (2.18) we have
220) s - CBlfaee)] < K5 4Bz = 0)
where
o= B e = n(F )

Also, in the same manner,

1
lfeeer) = Bifesern] < K (5 +v((Ra =0 ).
We then see that it is a very good idea to ensure that
M
2.21 = —C'
(2.21) r=s
because then
M /(1
M+ < = — -9 .
) < 50+ ol - )

Thus, if ¢ and r are chosen according to (2.14) and (2.21), we see from (2.16)
that

W(Riz— ) < 2

M
i + Kﬁ’/((Rl,z —q)%),

which proves (2.10).
We now turn to the proof of an auxiliary result that will help us to get
the correct rate when we compute the “pressure”. We prove that

M 1 N K
(2.22) K+ <1= u((N D W (Spu(SR) - r) > <+
k<M
To do this, we observe that, by symmetry,

(2.23) y<<% S W (Shu(SP) - r>2>

k<M

((%u'(s}w)u’(%) - T) (% D (S (SE) - T))

k<M

i y<<%uf<s;4)uf<s§4> - r) f)

I
<

IN
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where f = N~} D k<M—1 o' (SP)u'(S2) — r. We denote by (-)~ an average
for the Gibbs measure with Hamiltonian » ; -, ; u(Sk), so that

o((Fsion st ) o)

(R (Si)u'(S3p) — ) £ exp(u(Siy) +u(S3))~
(expu(Su))2 ’
and by using Lemma 2.1 and (2.21) we get that

”((%W%)u’(s@) - ) f) < K(B(f)Y)(E((R2— q)*)~)"?
(2.24)

= F

< %WW%

using (2.21) and (2.10). Now by the triangle inequality we have

e (& wshwisn ) )

k<M

and combining with (2.23) and (2.24) we get, using ry < cx? + y%/c, and if
KM < N,

1 N K 1 1 2
,,((N > W (Spu(Sh) —r) ) syt §u<<ﬁ > (Sp)ul(SR) —r) )
k<M k<M
and this proves (2.22).

Let us now turn to the computation of the “pressure”. Rather than
reproducing the method of Theorem 3.4.2 of [2] we will follow the ideas of
F. Guerra and proceed by interpolation with a simpler system. We denote
by ¢ and r the solutions of the equations (2.14) and (2.21) (that are unique
provided KM/N < 1). We write 6 = 2z1/q + &1 — ¢ where 2z, &
are independent standard normal r.v. (and of course independent of the
variables g; ). We consider independent standard normal r.v. (h;);<y. For
an interpolation parameter 0 < ¢ < 1 we write

(2.25) —H,. = Zu(\/E Sk +V1—cly)++vrV1—c Zhiai,
k<M <N
and we consider
1

P0) = 5 ElogEe Y exp(—He(o)),

where E¢ denotes expectation in the r.v. & only. Thus
1
p(0) = N Elog(Eg (exp Z u(@k)>2N H chy/r hi>
k<M i<N

M
= ¥ Flog E¢ expu(f) + Elog chzy/r + log 2.
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We write

1
(2.26) (1) = 0(0) + /0 J(¢)de,
and
(227 #(0) = 5 B{ 5 1))
where

>0 flo) exp(—H(o))

V= Ty (@)
and, more generally, for a function f(o!,..., "),
(f)e = Zo’l Lok f( )exp( Eé<k (o ))
° (Ee Zaexp( He (o))" '
Now
(2.28)
d = Sk O —c i
25c) = 3 (T~ s U e s vImea - A S

We define Sy, = /¢ Sk + V1 —c 0. We denote by :Sf;(f = 1,2) inde-
pendent copies of &, and we define Gk = 2k/q = 5,‘;\/1 — ¢ and S,?C =
Ve Sé ++v1—c Hi, where the superscript ¢ in Sé means that we replace o
by a. (This is yet another occurrence of the rule that different replicas need
1ndependent copies of &.) Using (2.27), (2.28) and integrating by parts, we
get

(2.29)

2¢'(0) = —F <(R172 —q) (% > U'(Si,c)ul(sif,c)>> — (1= E(R12))

k<M .

=-FK <(R1,2 - q) <% Z ul(Sli,c)ul(Sl%,c) - T>> - T(l - Q)-

k<M .

By repeating the proofs of (2.10) and (2.22) for the more general Hamiltonian
(2.25) (very little needs to be changed) we get that

2
B((Ras— 0 < 2 E<($ S (S5t - v) > <

k<M

2=

C

and thus (2.29) yields

2=

2¢'(c) = (=r(1 = q))| <
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and (2.26) yields

(2.30)
L g § (—H(o)) M g B (6) 4+ Elogch zy/r + log?2
JR— X J— frp—
N og - exp o N 0og B¢ €Xpu ogch z+/r + log
1

where |R| = K/N.

3. A FIRST LEVEL OF CONTROL

The basic idea to study the Hamiltonian (1.5) is to interpolate in the last
spin as in (2.5). This interpolation uses the Hamiltonian

(3.1) —H; = Z U(JLM Z hk,mu(sk,t)> + V1 —tonZ,

m<q k<M

where Z = n,/p and p is as in (1.13). The formula corresponding to (2.8)
one gets in this case is quite complicated, and we will be able to use it only
after we gather some preliminary information, which we do in this section.
If we think of the quantities u(Sk) as being themselves “spins” (that replace
the original spins o;), the work of the present section resembles the proof of
(2.10). A technical difference is that, while the true spins o; satisfy o2 = 1,
it need not be true that u(Sg)? is constant, and a separate effort will be
required to control this quantity.

Through the section, we think of 0 < ¢ < 1 as being fixed, so the depen-
dence in ¢ will often be kept implicit. Considering an interpolating parameter
0<c¢c<1 we set

1 [ c
(3.2) Tmﬁ = \/—M Z hk,mu(sk,t) + M hM,mU(SM,t)a

k<M -1
and we consider the interpolating Hamiltonian
(3.3)
/
.
—H; .= Z V(Tme) +V1—cu(Sus)Y + 5(1 —)u(Sue)? +onvV1—t2Z,

m<Q

where Y = n./7, 7/ = 7 — 1 for the values of 7 and 7 provided by Theorem
1.1. We write (-)¢ . an average for the Gibbs measure with Hamiltonian Hy ..
When ¢ = 1, we write (-); such an average. We consider the functions

1
(3.4) = LS (st (s v
k<M
1 ) )
(3.5) U= i u”(Skt) — T
k<M

The goal of this section is to prove the following.
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Proposition 3.1 If KQ/M < 1, we have

(36) B < K+ ) + KE((Ria 0
(3.7) B, < K(% n %) + KE((Rus - g

To prove Theorem 1.2 we assume KM < N, so there is no loss of gener-
ality to assume M < N, and the terms K/N are then not needed in (3.6)
and (3.7).

For a (possibly random) function f on n replicas, we write v.(f) = E(f)+ ..
The following holds when the quantity f does not depend on the r.v. Ay .
For simplicity we use the notation uy, = u(Sﬁ“), and T*

m,c means simply

that we have replaced o by o*.

Lemma 3.2. We have

(3.8) 2%/6(10) T4 4 1V

where

B9 1= Culd @) + A Th )
{<n

a1 (4T + o (T )

(3.10) I = —?(Z ve(ulf) — m/c(uiﬂf))

I<n

(311) IIT = % < Z A&g/ — 2’[22 Ag7n+1 + n(n + 1)An+1,n+2>

o0 t<n

for Agp = I/C(UgUg/’U/(TCSC)’U/(Tg’C)f)

(3.12) IV =—r ( > Buer =20 Bin1 +n(n+ 1)Bn+17n+2>
oA <n

for Byp = ve(upup f).

The idea is that the choice of 7 according to (1.12) ensures that the terms
of I nearly cancel out with the corresponding terms of II; while the choice
of 7 according to (1.11) ensures that the terms of III nearly cancel out with
the corresponding terms of IV. This will be shown using Lemma 2.1.

Proof. By straightforward differentiation we have

d
22ve(f) = V4 VI4VII
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where

VII = —7/ ( > ve(uf f) = nwe(uly, f ))

{<n
1
V= (ZVC<—_hM7mU[U/(T£n C)f)
m<Q “{<n cM

—nu, (\/%hMmunHv’(Tﬁﬁ)f))
= (Z ve(Yuef) — nVc(Yun+1f)>-

1—-c t<n

VI=—-

Integration by parts in Y yields that VI=IV4VIII where
VIII = —T(Z ve(ul f) — nuc(ui+1f)).
{<n
Integration by parts in hps,, and symmetry between the values of m < M

yield that V=I+III, and finally VII4+VIII = II since 7/ + 7 = 7. U

To start the proof of (3.5) we note that by symmetry between the different
values of k we have

(313) (U3, = E(f)

where

(3.14) F= =) (57 X u(stdu(st - r).
k<M

We write ¢(¢) = v.(f), and we use that

(3.15) (D] < [0(0)] +Slip|<P'(C)|-

The easier part here is the study of ¢’(c) because this is done exactly as
in Section 2. One brings out the dependence of (-);. in Tg . by introducing
the Hamiltonian
(3.16)

/
“Ho= Y 0T VI culSuoY +5 (1 -u(Si)’ +onVI-tZ,

m<@-—1

so that we have formulas such as

(urugv' (TH V' (TH.) Pt
B <u1u2v’(Té7c)v’(T57c)f exp(v(Téﬁ) + U(Tac))}w
- (expv(Tq,c)))2 ’
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where of course (). denotes an average for the Gibbs measure with Hamil-
tonian (3.16). To estimate such a term, we will use Lemma 2.1 with

1
ag(0) = —= u(Sk) if k <M —1; ap(o)=0if k> M,

VM
(o) = | (S0

and s = r,5 = 7. We will use this lemma at a given value of all the r.v.
other than the hy g (and with g = hi, ). We observe that

2
— K
<Z a%(a) —?) §2U2+W;

k<M
? K
(Z ap(oV)ag(e?) — r) <2U?% + ek
k<M
We then obtain from (2.5) that
(0] < 1+ K (B (BU7))M + (BO))2)

Since v is bounded, for any function f > 0 on 2 replicas it is obvious that
we have (f) < Kv.(f), we get that

K Q —2
(3.17) [Pl <37+ KMVC(J‘z)l/z(Vc(UQ)I/2 +v(T)'V?).
Now, it follows from (3.8) that for a function f > 0 on 2 replicas, we have

d
4ol D) < Kl f),

so that by integration we have

(3.18) ve(f) < Kvi(f) = E{f),
and combining with (3.17) we get
(319) 1000 < 2 KB (B0 + (BT,

We turn to the study of ¢(0). If

E<M—1
we have
= (s —1)Fl < =
1u2 —r =
so that
K
3.20 0)— Al < —
(3.20) (0) = 4] < 1
where

(3.21) A = vp((urug — 1) f).
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Consider the Hamiltonian

(3.22) —-H* = Z V(Timo) +onV1 —tz
mQ
and (-), an average for the corresponding Gibbs measure, so that

((urug — ) fexp((ur + u2)Y + G (u? + U%))h'

(3.23) A=E &
(exp(u1Y + Fui))?

To estimate this quantity, we use the method of Lemma 2.1. We denote
by z, & independent standard normal r.v., and we set

uga = u(Vd Sy + V1= d(z/q+ &1 —q)),
where 0 < d < 1 is an interpolation parameter. We consider

((ur,quz.a — ) fexp((ura+uga)Y + 5 (uf 4 +u3 2)))-

(324) ¢(d) =FE (E§<exp(ul7dy + %/U%d)>*)2

so that A = 4(1). The choice of r according to (1.9) ensures that 1 (0) = 0.

To bound v'(d), we cannot proceed as simply as in Lemma 2.1 because the
denominator (3.24) is not bounded below, a difficulty that is passed through
a differential inequality. We simply notice that if B > 0 is a function on
(say) 10 replicas that is independent of the r.v. g; »s and of Y, the function

(Bexp Zegm (ugaY + %uZd»*
(Be(exp(ur,aY + Fui 4)).)10

Y1(d) =

satisfies |9 (d)| < K1(d) (as is seen by differentiation and integration by
parts, including in Y) so that by integration ¢1(d) < K11(1). We then
compute ¢'(d), and we integrate by parts in the r.v. g; »s and Y, using the
fact that H* does not depend on these r.v. and use trivial bounds to reach
the estimate

Y'(d) < KVt<<R1,2 — 1];756162 - Q> 2) 1/2Vt (72)1/27

where now (hopefully without creating confusion) we use the notation v4(f) =
E(f)i. Therefore we have

A</ (d) < 5+ Kl (Rua = o) P ()

Using (3.20), we then see that

(3.25) lp(0)] < K(% + %) + Kvi((Ri2 — Q)2)1/2Vt(72)1/2.
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Since Vt(72)1/2 < K/M+K/N+v,(U?)'/2, combining with (3.15) and (3.19),
we get that

v(U? < K(% + %) + Kvy((Ri2 — )P (U2
+K%(ut(U2)l/2 + 1 (T2
1

1 1
< -t 2z 2\1/2
< K( +N> +4Vt(U)

PR (Raz — 0?)2 4 K2 (U + (@),

The same proof shows that the same bound holds for v (U 2); and this fin-
ishes the proof of Proposition 3.1. O

4. THE CAVITY METHOD

We will now be able, using Proposition 3.1, to exploit the information we
get when differentiating with respect to t. We write

1
(4.1) Toi=—= Y hrmt(Sky),
M k<M
so that (3.1) becomes
(4.2) ~Hy =Y v(Tny) +VI—tonZ,
m<Q
where we recall that Z = n,/p. We note the formulas

dS]mg __ ON
dt WIN 9Nk

dTm t ON ’
== E h (S

(4.3)
dHt ON Z 1 / / 1
—— = hiemgN k' (Sk)V (Tnt) — oNZ
dt 2 kgM,mSQVtNM 241 —t

Also, with some abuse of notation,

0Ty ¢ t
4.4 L — ony) e himtd! (Sk).
(4.4) donr N 2 et (Skit)
OH, [t
(4.5) 8gNtk =O0N WN Z hk,mUI(Sk,t)U/(Tm,t)-

m<Q

For simplicity, we write uy = u(Sﬁ“), uy = u’(Sﬁ“), etc., and vy =
,U(T(gﬂf)v vy = U'(Tét), etc. We recall the notation v4(f) = E{(f);.
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Proposition 4.1. Consider a function f onn replicas, that does not depend
on the r.v. hym or gi,. Then

d
(4.6) %ut(f) =I+II+II+IV+V
where
(4.7) I= %V M ( > viharquivyf) — th(hM,QUg-HU;z-f—lf))
{<n
Q
(4.8) I = N Z yt(h?\LQu'fvgf) - nut(h?\/Lngvaﬂf)
{<n
1
(4.9) I =+ (Z Cy — nCn+1>
I<n
for
(410)  Co= > wvi(hambarmuy (Te )0 (T ) f)
m,m/<Q
1
(4.11) IV = N( Z App — 2nz Apng1 +n(n+ 1)An+1,n+2>
(£ <n 4<n
for

App = Z v (hMmhM,m/u’gu’e/v’(TﬁLt)v'(Tgi/’t)egeg/f)

m,m/<Q

(4.12) V= _p< > Bur =21 Biag1 +n(n+ 1)Bn+17n+2>
LAl <n £<n

for Bey = vi(ever f).
Proof. We write

%yt(f) . Zut<— %(aé)f) - nut< - %(a”“)f),

I<n

we substitute the value (4.3), we integrate by parts in the r.v. gy and Z,
using (4.4) and (4.5) and we use symmetry between the values of k£ < Q. O

We have stated Proposition 4.1 in a manner that makes apparent it resem-
bles Lemma 2.2. We must however face the fact that to make the formulas
usable, we will need to integrate by parts in the r.v. hpz,,. It is this inte-
gration by parts that generates complicated formulas.

Using (2.10), we will apply Proposition 4.1 for f = (e1e2 — ¢)(R12 — q),
with n = 2. Using that T}, o does not depend on oy, we see from (1.15)
that |vo(f)] < 2/N (as in (2.15)). Keeping (2.16) in mind, we turn to the
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control of the quantity (4.7). Without loss of generality we assume M < N.
To explain the principle of the approach, we consider the case of the term

(4.13)  VMuvi(hamguyvyf) = vi(uguevy f) + Z v (uyvpup vy f)
'<n
= (U Vg1V ),

by integration by parts, and assuming ¢ < n. We explain how to evaluate a
typical term, say v (ufvjugvlf). Consider the Hamiltonian

(4.14) ~Ho= Y v(Tmy) +VI—tonZ,
m<@-—1
so that
(4.15)
<UI1IU2UI(TJ%/[¢)UI(TJ%4¢) eXP(U(TJ%/[,t) + U(T]%/Lt))f>~
(expv(Tar )2
where of course (). denotes an average for the Gibbs measure with Hamil-

tonian (4.14). We use Lemma 2.1 (with ar = u(Sks)/VM, s =r,5=T7),
Proposition 3.1, and the fact that |f| < 2|R; 2 — ¢ to get

vi(ufviuguy f) = E ,

K
(4.16) v (v ugvh f) — CE(ufuaf)~| < Kvp((Ria—q)?) + i
where
o SEYEEE
E¢expu(y) ’

~ being as in Theorem 1.1. We also have by the same method that
K
ve(ufuzf) — E{ufua f)~] < Kvi((Ri2 — q)%) + i
so that, from (4.16)
K
(4.18) s (Wi viuguh f) — Cup(ufua f)| < Kve((Rio — q)%) + U

We would like to use Lemma 2.1 again to evaluate the contribution of
the terms wf and ug to the quantity v (ufuaf). A secondary obstacle is
that unfortunately each term T}, ; in the Hamiltonian H; contains a term
M=2hp, ppu(Sars), so that the corresponding Gibbs average (-) is not in-
dependent of the r.v. g¢; a. To clear out this dependence, we recall the
interpolating Hamiltonian H. of (3.2), and we set

p(c) = ve(ujuzf).

Using (3.6), (3.7), (3.19) we see that (assuming @Q < M < N without loss
of generality)

(1)~ 00)] < 17+ K 2u((Ruz— 0 < ot Knn((Rys — 0)?)
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To compute ¢ (0), we use the method of Lemma 2.1, as in the computation of
the term (3.23) recalling the Gibbs’ average (-), for the Hamiltonian (3.22),
and we find

|p(0) = DE(f).| < Kn((Ri2 - 0)*)"?,
where
Egu"(8) exp(u()ny/T + Fu(6)*) Ecu(9) exp(u(B)ny/ + Fu(6)?)

(Eg exp(u(0)ny/T + Tu(6)?))?
By the same method, on finds

B(f)e = ()] < 52+ Kul(Riz - ),

so that , we have proved that

D=F

K
v (ufug) — D| < T Kvi((Ri2—q)?).

(Thus, in the end, it did not matter that T, depends on u(Sps,:).) Combin-
ing with (4.18) we get

(119) el ) — CDu(f) < 1o+ Ku((Bia—)°).

We would find the same relation (with the same values of C' and D)
when computing vy (uyvyup vy f) for £ # £/, whatever the values of ¢, £/ < 4.
Proceeding in this manner for all the terms we see that

VAT (s guihf) — Au(f)] < 2+ Kn((Riz —)°),

where the value of A is independent of £. This establishes the relation

(420) 1< 24 K LRz —0)?)

and similarly for II and III. (In the case of II there is however no need to
integrate by parts in hasg). The next step is to check that we have the
same bound for [IV + V|, by showing that the terms of IV nearly cancel out
with the corresponding terms of V. Without loss of generality, we consider
the case of

1 1
4.21 —Aj 9= — A !
( ) N2 T N Z (m,m’),
m,m/<Q
where
(422) A(’I?’L, ’I?’L/) = Vt(hM,mhM,m/U/(ng,t)vl(ng/,t)7)7

for f = ereau)us f. We will proceed to the integration by parts in hpy,y, and
har,me using that
OTy, 1

4.2 _mt
(4.23) Dt e
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and that T, ; does not depend on hyy s if m # m/. We see from (4.23) that

integration by parts “brings out a factor 1/v/M”, so that it should be clear
that

K(n)
M

and we consider now the case where m # m/. Integrating by parts first in
hatme we get
(4.25) VMA(m,m) = vi(harmt' (T 0" (T2 )usf)

+ > vilhagmt! (Ty, )0 Ty V' (T Juer )

0'<n
— (gt (T )0 (T2 )0 (T Dt ).
We integrate by parts in Az, each of these terms, to get
(4.26) MA(m,m') = VI+ VII + VIII + IX + X,
where
(4.27) VI = v, (v" (T, )0 (T2 Juruaf)
(4.28) VIL = 3 vy (o/(TL )0/ (TS, )0 (T2 JugusT)
t<n

(4.29) VIIL = —nwy (' (T} 0 (T3 (T2, ugtn 41 f)

(4.30) IX =Y 1 (0" (T, YV (T YV (T Juruie F)

'<n
(431) X = = (0" (T}, )0/ (T2 (T ur 1 F)

(432) XI = Z G&g/ —n Z Ge/,n—i—l —n Z Gg7n+1 + n(n + 1)Gn,n+17

Ll <n V'<n <n+1

(4.24) |A(m, m) — (' (T, )0 (T5,4) )] <

where / _
Gror = vi(0' (T )0 (T )0 (T )0 (T ugagr ).
We show how to evaluate a typical term, say

(0 (T 0 (T, (T2 JupusT) = (0! (Tl W (Tl )" (T3 Jugus).
For specificity we assume ¢ # 1. We use the method of (4.18) to see that
(' (Tag )V (T v (Tig 1 ueun f) — Crg (0" (Ti_y Jueua )|
< % + Ku((Ri2 — q)?),
where C' is given by (4.17). Now
v (V" (T 1 Juweuaf) = v (0" (Thy ) ueua f)

and the method of (4.18) shows that

(" (L useF) — C'viuue )| < 5+ Kv((Bra — )%,
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where, using the notation of (4.17),

;v (7) expu(y)
(4.33) C _E—Egexpv('y) .

Recalling that f = ejeufulf, we use the method of proof of (4.19) to see
that

— K
v (uzuef) = W2, Orlereaf)| < 7+ Kvi((Bi2 — 9)%),
where W (¢, ¢') is given by (1.14). In this manner we see that
Vt(UI(sz,t)U/(ng,t)U”(ng/,t)ué?m?) = CC,W(Z U,

where here and below U = 14(€1e2f) and where ~ means that the error is
at most K/M + Kuv((R12 — q)?).

It remains to calculate in this manner the contribution of all the terms in
(4.27) to (4.32) and carefully collect them. Consider the quantity

v(v)?expo(y)

4.34 =F
(4.54) = e expo(y)

By the above method we find (recalling (1.14))

VI~ C"*W(1,2)U,

VII ~ (c’clwu, 2) + C'CW (2,2) + (n — 2)C'CW (2, 3)>U.
To obtain this formula we distinguish the cases £ =1, £ =2, £ > 3, and we
use that W(2,¢) = W(2,3) if £ > 3. In a similar manner using the relations
W, 0) =W (3,3) and W(1,¢) = W(1,3) for £ > 3 we get the relations

VI ~ —nC'CW (2, 3)U

IX ~ (O’OW(1, 1)+ C'CyW(L,2) + (n — 2)C'CW(1, 3)>U

X ~-nC'CW(1,3)U

n(n+ 1)Gpni1 ~ n(n +1)C*W (3,4)U

1Y Gt ~ (—nC2W(3, 3) — n(n — 2)C2W(3,4)
<n+1

—nC2W(2,3) — nCCiW (1, 3)>U
0> Gup =~ (—n(n —9)C2W(3,4) — nCCLW (2, 3)
U'<n

—nC2W(1, 3)>U,
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and finally

3 G =~ (001W(1, 1)+ C2W(1,2) + (n — 2)C2W(1, 3)
Ll <n
+ CRW(1,2) +CCiW(2,2) + (n — 2)CCLW (2, 3)
+ (n—=2)(CCLW(1,3) 4+ CCLW(2,3) + C*W(3,3)
v (n—3)C*W (3, 4)))U,
where the first 2 lines correspond respectively to the contributions of the

cases ' =1, ¢ = 2, and the last 2 lines to the contributions of ¢/ > 3.
Using (4.26) and collecting the terms, we get

(4.35)
M A(m, m') ~ (W(1, 2)((C' + C1)2 + C?) + (W(1,1)
+W(2,2))C(C" 4+ C1) — 2(W(1,3) + W(2,3))C(C + C' + C1)
6 (3,4)C% — 2W (3, 3)02>U.
Since by (1.11) and (1.12) we have 7 = QC/M and 7 = Q(C' + Cy)/M, we
see that, since W(1,1) = W(2,2) and W(1,3) = W(2,3),

(4.36) %A(m, m') = W(1,2) (72 +72) + 2W (1, 1)77 — AW (1, 3)7(1 + 7)
+6W(3,4)72 —2W(3,3)7° + R

where |R| < KQ?/M? + KQ*v((R12 — q)?)/M.
Taking in account that, by (4.24), we have

Q E¢u/(0) expu(6) ) 2 LR,

(4.37) M E¢expu(6)

A(m,m) = 7E<

where R is as above, and recalling (4.22) and (1.13), we see that indeed

‘ Alz—PVt(€162f)‘ <KQ—2+K & v ((Ri2 — q)?).
N MN NM ’
Thus, for f = (e;e2 — ¢)(R1,2 — q), we have shown that
K 2 2
| < G + KBz = )

It is straightforward, using (4.6) to obtain through a differential inequality
that 14(f) < Kv(f) whenever f > 0 is a function on 2 replicas, and we
finish the proof of (1.19) as in Section 2. The proof of (1.20) to (1.23) is
very similar to the proof of (2.22) and is left to the reader.
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5. COMPUTING THE PRESSURE.

As in the case of the Perceptron, we proceed by interpolation. Not sur-
prisingly, there will be two stages of interpolation.

We consider independent standard Gaussianr.v. 2y, &y, and v, = 2 /T+
EmvT —r. For 0 <c <1, we set

(5.1) Tine=\CTm+V1—cym.

(This should not be confused with (3.1); we use another interpolation here.)
We consider the Hamiltonian

(5.2) —He= > 0(Tme)+ > ul 1—c)+¥ > u(Sk),
m<Q k<M k<M

where 7/ = 7 — 7 and where the r.v. 7 are independent standard normal.
Consider

#(c) = ~Elog Ee 3 exp(—Ho(o).

N
where here and below E¢ denotes expectation in {1, {2, - - only. For a func-
tion f(ol,...,o") we define

Zcrl,...,cr" f(o-lv s )exp( Z€<n ( ))
(Eed o eXp( He(o)))" ’

where H.(o") is obtained form H, by replacing o by o and every &, by
and independent copy :wa. Thus

1S, i) exp(~Holo)) ([ dH,
wle) = NE E¢y  exp(—H(0)) o UC( de (U)>

dH, T Ym ;
—2 = - — Tmc
dc mz;Q(\/E \/1—c>v( o)

\/ ] i . Z neu(Sg) — 7 Z u?(S).
k<M k<M

By integration by parts in the variables h,, r,n, and v, we get

26(c) = %( S (W (Tmg) + 0*(Ton) (% S 25y - ?))

ve(f)=FE

and

m<Q <M

(. PILCRICE (5 3 ushulsh - )
. %yc(w 2(50) + N(gﬂ; ushu(s)

_ TN”( uQ(Sk)>.
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Using that 7/ +7 = 7, we then get

2¢'(c)
- % S W) 4 2T - 7) (2 w50 -
m<Q k<M
- %uc((ﬁév%mﬁ)v'@iﬁ) ~) (37 3 wsbutst—r))
+ Tr—TT.

To handle this term, one has to generalize Theorem 1.2 to the case of the
Hamiltonian (5.2). This is done following the same method, but of course
the last two terms of the Hamiltonian (5.2) create more terms when using
the cavity method, and one has to check, through integration by parts,
that these terms give the correct contribution. Use of the Cauchy-Schwarz
inequality and of (1.20) to (1.23) shows that

() - (=77 <

so that

(53) (1)~ (0) ~ glrr —77)| < %

A new interpolation is required to compute ¢(0). Consider the r.v. 6, =
2ky/q+ &k 1 — g, and, for an interpolation parameter 0 < ¢ < 1, let us write

Skﬁ: \/ESk—I—\/l—CQk. Let

(5.4) —-H)= Z w(Sk.)MeVT + %/ Z u2(Sk7c) + 1 — CZ hioin/p,

k<M k<M i<N
where the r.v. h; are independent standard Gaussian. Let

9(e) = Elog B Y exp(~H: (@)

so that

(5.5) o(0) = (1) + L Blog B expu(7).
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To compute v'(c), we proceed as usual,

(5.6)20/(c)
1 1
:N”(gﬂ;(w ¢—>

x (U'(Sk,c)nk\/? +7) U/(Sk,c)u(skc ) - —VC< - > b UZ>

k<M i<N
1
:_NUC< anu Skc Skc)(R12_q)>
k<M
1
e (P m(Eu (St Ju(SE () (R o) )
k<M
1
(7 X o (SE (SIS ) (R ) )
k<M
—pl/c(l — RLQ).

To handle this quantity we have to extend the results of Section 2 to the
case of a Hamiltonian of the type (5.4), showing first that v.((R1 2 — ¢)?) <
K/N, and then that

K
2
. c / S AT
(5.7) ve(Biw) < 5
where
1 17 al 10 Q2 14 4 M /
(58) B&g/ = N Z U (Sk,c)u (Sk,c)u(sk,c)u(sk,c) - NW(& ¢ )7
k<M

a result similar in spirit and in proof to (1.20). Performing the integration
by parts in 7 in the first two terms on the right-hand side of (5.6), and
using the value of p given by (1.13), one then finds after a long computation
that

(5.9) ¥'(c) = —% > neeve <B€,€/(R1,2 - Q)> _ ok ;q)p,

where By is given by (5.8), where the sum is over 1 < ¢, ¢/ < 4 and where
ng e are integers.

It of course makes sense that the value (1.13), found in a somewhat differ-
ent manner is exactly what is required to obtain (5.9), but the author must
admit that he does not fully understand why this is the case.

Using (5.7) one then gets

‘wl(c) + (1 ;q)p‘ < %
so that
(5.10) (1)~ (0) +

IN

(1—q)p‘

K
2 N’
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Now,

M /
¥ (0) = log2 + NElog E¢ exp(u(0)ny/T + 7_5112(0)) + Elogchzy/p
and combining with (5.9), (5.5), (5.3), this proves (1.24) O
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